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* X remains fixed forallt =1,..., T, i.e., x;'s are time indepen-
dent covariates. Notationally, let x; = x;s forall t=1,..., T.

* Let
—x! —(x; 181+ +x:
)\i.l =€ A =€ (.afate.... Xi.pPp) and )\l'.2 - g(>‘i.1)$

(6)

where g(-) is a suitable known function.
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Stationary AR (1) Gamma Model

Regression Models in Longitudinal Set up
Basic Properties: Mean, Variance, and Auto—Covariance

Suppose that £ > 0 is a scale parameter. Ify; ;1 ~ Ga(Aj1+X2,§),
aj ~ Be(Xi1, Ai2) and dip ~ Ga(\j2,€), and yj+—1, iy and djy are
assumed to be independent to each other, then yi; ~ Gamma(\;1 +

Ai2,€).
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Basic Properties of the Model:
Mean, Variance, and Auto—Covariance Structure

Let i and oy denote the mean and variance of y;; for all t =
1,..., T, respectively.
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Basic Properties of the Model:
Mean, Variance, and Auto—Covariance Structure

Let puj and oj: denote the mean and variance of y;; for all t =
1,..., T, respectively.
By Lemma (1), these mean and variance are given by
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Basic Properties of the Model:
Mean, Variance, and Auto—Covariance Structure
Let puj and oj: denote the mean and variance of y;; for all t =

1,..., T, respectively.
By Lemma (1), these mean and variance are given by

Air+ X2 A +g(hia)

Mt :E(\/It) = f = f and

Air+ A2 A+ g(Ai)
= = =
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Basic Properties of the Model:
Mean, Variance, and Auto—Covariance Structure
Let puj and oj: denote the mean and variance of y;; for all t =

1,..., T, respectively.
By Lemma (1), these mean and variance are given by

Air+ X2 A +g(hia)

Mt :E(\/It) = f = f and

Air+ A2 A+ g(Ai)
= = =

Following the time series model considered by Lewis (1982), we con-
. Ai o . .
sider p; = 21 \which is the mean of aj in the stationary
case Ail+ Ai2
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Basic Properties of the Model:
Mean, Variance, and Auto—Covariance Structure
Let puj and oj: denote the mean and variance of y;; for all t =

1,..., T, respectively.
By Lemma (1), these mean and variance are given by

Air+ X2 A +g(hia)

Mt :E(\/It) = f = f and

Air+ A2 A+ g(Ai)
= = =

Following the time series model considered by Lewis (1982), we con-
Ai

Ail + Ai2
case.
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Stationary AR (1) Gamma Model

Regression Models in Longitudinal Set up
Basic Properties: Mean, Variance, and Auto—Covariance

Auto—correlations structure for {y;:}

For u < t, the (t — u)-th lag correlation between y;, and yj; is given
by corr(Yi, Yie) = pl

Proof.
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Auto—correlations structure for {y;:}

For u < t, the (t — u)-th lag correlation between y;, and yj; is given
by corr(Yi, Yie) = pl

Proof. We prove this lemma by induction.
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Stationary AR (1) Gamma Model

Regression Models in Longitudinal Set up
Basic Properties: Mean, Variance, and Auto—Covariance

Auto—correlations structure for {y;:}

For u < t, the (t — u)-th lag correlation between y;, and yj; is given
by corr(Yi, Yie) = pl

Proof. We prove this lemma by induction.
Lag 1 auto—covariance:
COV(Yit, Yi,t—l) :E(Yi Yi,t—l) - E(Yi ) E(Yi,t—l)
=E[(aje Yit—1 + die) Yie—1] = E(Yit) E(Yi,e-1)
=Eq,, (ait Yi?t—l) + Eg;, (dit Yit-1)
— E(Yit) E(Yiz1)
Ail

— e — pi)\i.lg;)\i.z (9)
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Auto—correlations structure for {y;:}

For u < t, the (t — u)-th lag correlation between y;, and yj; is given
by corr(Yi, Yie) = pl

Proof. We prove this lemma by induction.
Lag 1 auto—covariance:
COV(Yit, Yi,t—l) :E(Yi Yi,t—l) - E(Yi ) E(Yi,t—l)
=E[(aje Yie—1 + dit) Yie—1] — E(Yit) E(Yi,e-1)
=Eq; (it Yi?t—l) + Eq,, (dit Yit-1)
— E(Yit) E(Yit-1)
Ail

— e — pi)\i.lg;)\i.z (9)
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Stationary AR (1) Gamma Model

Regression Models in Longitudinal Set up
Basic Properties: Mean, Variance, and Auto—Covariance

Lag 2 auto—covariance:
COV(Yit, Yi,t—2) :E(Yi Yi,t—2) - E(Yi ) E(Yi,t—Q)
=E[(cit Yie—1+dit) Yie2]l — E(Yie) E(Yie—2)
=Eq;, [ @ip—1 Y,-?t,l] + Eo leie dip—1 Yir—2]
+ Ed,-t[dit Yi,t—2] - E(Yi ) E(Yi,t—z)

M1

!

€2 X1+ A2

B ( Ai >2 i1+ X2
S\ i1+ iz &2

— pIZ )\i.lgg)\i.z (10)
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Regression Models in Longitudinal Set up
Basic Properties: Mean, Variance, and Auto—Covariance

Lag 2 auto—covariance:
COV(Yit, Yi,t—2) :E(Yi Yi,t—z) - E(Yi ) E(Yi,t—2)
=E[(cit Yie—1+dit) Yie2o]l — E(Yie) E(Yie—2)
=Eq;[cvir @i p1 Y,'?t71] + Eqlevie dip—1 Yir—2]
+ Ed,-t[dit Yi,t—2] - E(Yi ) E(Yi,t—2)

M1

!

€2 X1+ A2

B ( A )2 i1+ X2
T\ i1+ i &2

— pIZ )\i.lgg)\i.z (10)
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Stationary AR (1) Gamma Model

Regression Models in Longitudinal Set up
Basic Properties: Mean, Variance, and Auto—Covariance

Lag 3 auto—covariance:
COV(Yit, Yi,t—a) :E(Yi Yi,t—3) - E(Yl ) E(Yi,t—a)
A3 1

Uo

2 (A1 + Ai2)?

B < Ail )3 i1+ Ao
\ i1+ 2 £2

= /0? )\i.lg;)\i.z (11)
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Stationary AR (1) Gamma Model

Regression Models in Longitudinal Set up
Basic Properties: Mean, Variance, and Auto—Covariance

Lag 3 auto—covariance:
COV(Yit, Yi,t—a) :E(Yi Yi,t—3) - E(Yl ) E(Yi,t—a)
A3 1

1.

€2 (Ai1+ Ai2)?

B ( Ail )3 i1+ Ao
i1+ A2 €2

— p;?: )\i.lg;)\i.z (11)

In the manner similar to these of lag 1, lag 2 and lag 3 correlation,

we can obtain any lag correlations such as corr(yjy, yir) = pi ", for
u<t.
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Likelihood Estimation & lts Complexity
Quasilikelihood Estimation
Simulation Study

Estimation of Parameters for Stationary Longitudinal Model

Estimation of Parameters for Stationary
Longitudinal Model

@ AR(1) type stationary longitudinal gamma model
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Estimation of Parameters for Stationary
Longitudinal Model

@ AR(1) type stationary longitudinal gamma model

4 Vit = Qi Yie—1 + di
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Quasilikelihood Estimation
Simulation Study

Estimation of Parameters for Stationary Longitudinal Model

Estimation of Parameters for Stationary
Longitudinal Model

@ AR(1) type stationary longitudinal gamma model
4 Vit = Qi Yie—1 + di
v where y; ~ Ga(\i1 + A2, &), with \j1 = e=Xi.8 and \;, =

<1;'.p'-)/\i‘1-
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Estimation of Parameters for Stationary Longitudinal Model

Estimation of Parameters for Stationary
Longitudinal Model

@ AR(1) type stationary longitudinal gamma model
4 Vit = Qi Yie—1 + di
v where y; ~ Ga(Ai1 + A2, &), with \j1 = e=i.8 and \;, =

1—p; .
0i ))‘1.1-

vV pi=pforalli=1 ... K.
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Estimation of Parameters for Stationary
Longitudinal Model

@ AR(1) type stationary longitudinal gamma model
v

Yit = it Yir—1 + dit
v where y; ~ Ga(Ai1 + A2, &), with \j1 = e=i.8 and \;, =

1—p; .
0i ))‘1.1-

v pi=pforalli=1 ... K.

v Estimate so—called regression effects /3, the AR(1) auto—correlation
parameter p and the scale parameter &.
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@ AR(1) type stationary longitudinal gamma model
v

Yit = it Yir—1 + dit
v where y; ~ Ga(Ai1 + A2, &), with \j1 = e=i.8 and \;, =

1—p; .
0i ))‘1.1-

v pi=pforalli=1 ... K.

v Estimate so—called regression effects /3, the AR(1) auto—correlation
parameter p and the scale parameter &.
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Likelihood Estimation & Its Complexity

@ Construction of the likelihood function
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Quasilikelihood Estimation
Simulation Study

Estimation of Parameters for Stationary Longitudinal Model

Likelihood Estimation & Its Complexity

@ Construction of the likelihood function

v’ Joint DenSity: f;'(yilv-"a_yita-"7yiT|87p7€)
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Likelihood Estimation & Its Complexity

@ Construction of the likelihood function

v Joint DenSity: f;'(yily sy Yity e inT|Bap7£)
v Likelihood function:

K
£(B,p,6) = [ fivir,- - yies- - yir) (12)
i=1
K
= H fi(yir) fi(yielyin) - - - fi(vielyije—1) - - fi(yir|yi, 7—1)
i=1

(13)
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Likelihood Estimation & Its Complexity

@ Construction of the likelihood function

v Joint DenSity: f;'(yily sy Yity e inT|Bap7£)
v Likelihood function:

K
£(B,p,6) = [ fivin,-- - yies- - yir) (12)
i=1
K
= H fi(}/il) fi(}’i2|)/i1) cee fi()’itb’i,t—l) cee fi()/iT|Yi,T—1)
i=1

(13)
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Quasilikelihood Estimation
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Estimation of Parameters for Stationary Longitudinal Model

Lemma

Fort = 2,..., T, the conditional density of y;; given y;;_1 under
the model (5) is given by

F(Ai1/p)
[(Ai1) [F(PTP)\,-J)]z g—(Tp)Am
mi"()ﬁ,t—l:)’it)

Na=1 25 t(e—zi)

i1~ 14 —&\Vit— Zie

= / {zit Yigzp € 0
0

1oy,
x [(yie—1 — zie) (vie — zie)] 2 N 1}dzit (14)

4

f(yie | Yie—1) =
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@ Estimation
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Likelihood Estimation & Its Complexity
Quasilikelihood Estimation
Simulation Study

Estimation of Parameters for Stationary Longitudinal Model

@ Estimation
v Let 0 =(8',p,8)

(@©Madan & Sutradhar (Gamma AR(1) Longitudinal Model) | SSC 2007: St. John's, Newfoundland: June 12, 2007



Likelihood Estimation & Its Complexity
Quasilikelihood Estimation
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Estimation of Parameters for Stationary Longitudinal Model

o Estimation
v Let 6 =(8',p,€)
I
v’ Likelihood estimating equation 607g£ -

00 0
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Estimation of Parameters for Stationary Longitudinal Model

@ Estimation
v Letd=(8,p,E)

Olog L
v Likelihood estimating equation alebs

06 0

v Use Newton—Raphson equation

PN ~

: , 02 log £\ —1Olog L
) = B — 1)+ (T12EL) L

06 06’

00 omi=0mp(r—1)
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@ Estimation
v Letd=(8,p,E)

v Likelihood estimating equation

v Use Newton—Raphson equation

92 log L'.> —19log L

90 06" (e

00 omi=0mp(r—1)

v' First derivative of the Iog—likelihood equation w.r.t

0
2 Iogﬁ—aez:logf Vi1 +sz

=1 t=2

9 (e | Yip—a)
y,t|y,t 1) 89 Vit ylt 1

(16)
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@ Estimation
v Letd=(8,p,E)

v Likelihood estimating equation

v Use Newton—Raphson equation

92 log L',> —19log L

90 06" (e

00 omi=0mp(r—1)

V" First derivative of the Iog—likelihood equation w.r.t

0
20 Iogﬁ—aGZIogf Vi1 +sz

=1 t=2

9 e | Y1)
_y,t|_y,t 1) 60 ylt ylt 1

(16)
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Quasilikelihood Estimation

o Generalized quasilikelihood (GQL) approach
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Quasilikelihood Estimation

o Generalized quasilikelihood (GQL) approach

v For known p and &, GQL estimating equation for [ as

K

opt —_

98 Zi ! (yi - /Li) =0,
=1 '
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Quasilikelihood Estimation

o Generalized quasilikelihood (GQL) approach
v For known p and § GQL estimating equation for 3 as

2 s 5 (i — i) =0, (1)

v Newton—Raphson method using the iterative equation given by

; ()/1 . X 0/1'
2N (‘)&I] [Z 23 St - m)| - (18)
old

i=1
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Quasilikelihood Estimation

o Generalized quasilikelihood (GQL) approach
v For known p and § GQL estimating equation for 3 as

2 s 5 (i — i) =0, (1)

v Newton—Raphson method using the iterative equation given by

; ()/1 . X 0/1'
2N (‘)&I] [Z 23 St - m)| - (18)
old

i=1

v" Method of Moments to Estimate nuisance parameters, i.e., p

and ¢&.
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Quasilikelihood Estimation

o Generalized quasilikelihood (GQL) approach
v For known p and § GQL estimating equation for 3 as

2 s 5 (i — i) =0, (1)

v Newton—Raphson method using the iterative equation given by

; ()/1 . X 0/1'
2N (‘)&I] [Z 23 St - m)| - (18)
old

i=1

v" Method of Moments to Estimate nuisance parameters, i.e., p

and ¢&.
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Likelihood Estimation & lts Complexity
Quasilikelihood Estimation
Simulation Study

Under the given stationary AR(1) model (5), the moment estimators
for p and & are given by

Estimation of Parameters for Stationary Longitudinal Model

K T-1
— fhit Ylt—&-l_,U«l t+1
ﬁzg;( Vo )b VAT .
,U’It 2
/KT
33 (Y
K T
>N Yi/KT
é’.‘: - i7:_1 t=1 (20)
SO (Yie — fuie)’ /KT
i=1 t=1
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Simulation Study
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Estimation of Parameters for Stationary Longitudinal Model

Simulation Study

v K=100, T =4, p= 2, e, /3 = ([31,/32)’
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Simulation Study

v K=100,T=4,p=2ie, = (B1,0)
v’ Design covariates
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Simulation Study

v K=100,T=4,p=2ie, = (B1,0)
v Design covariates

i=1,...,25
i=26,...,50
i=51,...,75
i=76,...,100

Xjtl =

= = O O

and
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Simulation Study

v K=100,T=4,p=2ie, = (B1,0)
v Design covariates

0 i=1,...,25
) o i=2,...,50
Xt =911 j=51,..,75
1 i=716,...,100
and
1 i=1,...,25
o i=26,...,50
X2 =19 g i=51,...,75
1 i=716,...,100,
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Simulation Study

v K=100,T=4,p=2ie, = (B1,0)
v Design covariates

0 i=1,...,25
o — 0 i =26,...,50
=Y 1 j=51,...,75
1 i=716,...,100
and

-1 1=1,...,25
i=26,...,50

Xjt2 =

forallt=1,...,T.
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v B=(1.0,1.0)
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= (1.0,1.0)'
—0.2,0.4,0.5,0.6,0.8,0.9

SNEN
T ™

SSC 2007: St. John's, Newfoundland: June 12, 2007
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v B=(1.0,1.0)

v p=0.2,0.4,0.5,0.6,0.8,0.9

v £€=05,1.0,15.

v’ Estimating equation re—expressed
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v B=(1.0,1.0)

v p=0.2,0.4,0.5,0.6,0.8,0.9

v £€=05,1.0,15.

v Estimating equation re—expressed

-1
K K
Brew = Bora + | D_XID; S0 | | XIDiET (vi— )|
i=1 old Li=1 old

(21)

with D; = o”iag(u,-l, . ,p,‘T), A = diag(a,-ll, noag U,'TT), where

/

el e~/ d C [t—u]
Mt = ——— Oigt = — 5 an i = (C‘ t) = (,0 B ),
I lpé. ) I p£2 1 w

Y= A2 G A2,
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Table: Simulated means (SM) and Simulated standard errors (SSE) of the
GQL estimates for 31, f»; and the moment estimates of p and & for the
longitudinal gamma AR(1) with K = 100, T = 4, 1 = > = 1.0, based
on 5000 simulations

| & p  Statistic | p A p £ |
05 02 SM&SSE| - - - -
04 SM&SSE| - - - -
05 SM&SSE| - - - -

0.6 SM 0.9800 1.0080 0.6026 0.5161

SSE 0.2880 0.1683 0.0827 0.0813

0.8 SM 0.9779 1.0207 0.7955 0.5296

SSE 0.3199 0.1817 0.0697 0.1024

0.9 SM 0.9731 1.0372 0.8951 0.5391

SSE 0.3500 0.2033 0.0528 0.1144
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Likelihood Estimation & lts Complexity
Quasilikelihood Estimation
Simulation Study

Estimation of Parameters for Stationary Longitudinal Model

Table: SM and SSE of the GQL estimates when ¢ = 1.0

’ & p Statistic‘ 51 52 p & ‘
1.0 0.2 SM 0.6672 1.2771 0.3510 0.8493
SSE 0.5717 0.4307 0.1638 0.1533

0.4 SM 0.9909 1.0051 0.4116 1.0065
SSE 0.2890 0.1957 0.0821 0.1311

0.5 SM 0.9855 1.0054 0.5061 1.0198
SSE 0.2763 0.1743 0.0831 0.1440

0.6 SM 0.9885 1.0984 0.6008 1.0321
SSE 0.1650 0.1358 0.0541 0.1627

0.8 SM 0.9670 1.0116 0.7949 1.0592
SSE 0.3018 0.1605 0.0495 0.2049

0.9 SM 0.9733 1.0370 0.8951 1.0781
SSE 0.3512 0.2041 0.0527 0.2289

(@©Madan & Sutradhar (Gamma AR(1) Longitudinal Model) | SSC 2007: St. John's, Newfoundland: June 12, 2007



Likelihood Estimation & lts Complexity
Quasilikelihood Estimation
Simulation Study

Estimation of Parameters for Stationary Longitudinal Model

Table: SM and SSE of the GQL estimates when ¢ = 1.5

| & p Statistic| B o p £ |
15 02 SM | 0.7486 1.2153 0.3533 1.2615
SSE | 0.6275 0.4691 0.1636 0.2592

04 SM | 0.9913 1.0048 0.4117 1.5096
SSE | 0.2892 0.1607 0.0829 0.1966

05 SM | 0.9856 1.0054 0.5062 1.5297
SSE | 0.2763 0.1744 0.0830 0.2159

06 SM | 0.9800 1.0080 0.6026 1.5482
SSE | 0.2880 0.1683 0.0827 0.2440

08 SM | 0.9782 1.0205 0.7955 1.5887
SSE | 0.3204 0.1822 0.0696 0.3075

09 SM | 0.9744 1.0363 0.8941 1.6167
SSE | 0.3552 0.2072 0.0541 0.3443
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Non-stationary AR (1) Type Longitudinal Gamma
Models
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Non Stationary AR (1) Type Longitudinal Gamma Models

Non-stationary AR (1) Type Longitudinal Gamma
Models

v' AR(1) type longitudinal gamma model

Yit = Qi Vi1 + dit, (22)
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Non Stationary AR (1) Type Longitudinal Gamma Models

Non-stationary AR (1) Type Longitudinal Gamma
Models

v AR(1) type longitudinal gamma model
Yit = Qit Yie—1 + dit, (22)

v where Yijt—1 ~ Gamma(Ajt—11 + Ait—12,&) (23)
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Non Stationary AR (1) Type Longitudinal Gamma Models

Non-stationary AR (1) Type Longitudinal Gamma
Models

v AR(1) type longitudinal gamma model
Yit = Qit Yie—1 + dit, (22)

v where Yijt—1 ~ Gamma(Ajt—11 + Ait—12,§) (23)

v Ait—11 and Aj ¢ 1 reflects time dependence.
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Non Stationary AR (1) Type Longitudinal Gamma Models

Non-stationary AR (1) Type Longitudinal Gamma
Models

v AR(1) type longitudinal gamma model
Yit = Qit Yie—1 + dit, (22)

v where Yijt—1 ~ Gamma(Ajt—11 + Ait—12,§) (23)

v Ait—1,1 and Aj ¢ reflects time dependence.
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@ We considered a Gamma AR (1) model in the longitudinal set
up.

@ We discussed the basic properties such as mean, variance, and
covariance structure
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up.

@ We discussed the basic properties such as mean, variance, and
covariance structure.

@ Unlike many traditional longitudinal models, in the present set
up, all of these basic moments contains regression, scale and a
longitudinal correlation parameters
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up, all of these basic moments contains regression, scale and a
longitudinal correlation parameters.

o Likelihood approach too cumbersome
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Remarks & Future Work

@ We considered a Gamma AR (1) model in the longitudinal set
up.

@ We discussed the basic properties such as mean, variance, and
covariance structure.

@ Unlike many traditional longitudinal models, in the present set
up, all of these basic moments contains regression, scale and a
longitudinal correlation parameters.

o Likelihood approach too cumbersome.

o GQL approach performs quite well in estimating the parameters,
consistently and efficiently.
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Remarks & Future Work

The Road Ahead

@ Generalize the stationary gamma model to the non—stationary
case.

@ Choose different design covariates, possibly from some another
distributions
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Remarks & Future Work

The Road Ahead

@ Generalize the stationary gamma model to the non—stationary
case.

@ Choose different design covariates, possibly from some another
distributions.

@ More research needed with regard to the development of gamma
type non—stationary model and the inferences as well
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Remarks & Future Work

The Road Ahead

@ Generalize the stationary gamma model to the non—stationary
case.

@ Choose different design covariates, possibly from some another
distributions.

@ More research needed with regard to the development of gamma
type non—stationary model and the inferences as well.
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Remarks & Future Work

Thank you!

MANISH MADAN B.C. SUTRADHAR

School of Criminal Justice  Department of Mathematics & Statistics
Michigan State University =~ Memorial University of Newfoundland
East Lansing, M| 48824 St. John's, NL A1C 5S7

USA Canada

manish@manishmadan.com bsutradh@math.mun.ca
www.manishmadan.com
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